We study to what extent the effective-one-body description of the dynamical state of a nonspinning, coalescing binary black hole (considered either at merger, or after ringdown) agrees with numerical relativity results. This comparison uses estimates of the integrated losses of energy and angular momentum during ringdown, inferred from recent numerical-relativity data. We find that the values, predicted by the effective-one-body formalism, of the energy and angular momentum of the system agree at the per mil level with their numerical-relativity counterparts, both at merger and in the final state. This gives a new confirmation of the ability of effective-one-body theory to accurately describe the dynamics of binary black holes even in the strong-gravitational-field regime. Our work also provides predictions (and analytical fits) for the final mass and the final spin of coalescing black holes for all mass ratios.
I. INTRODUCTION
The effective one body (EOB) formalism [1] [2] [3] [4] [5] [6] has been introduced as a new analytical method for describing both the dynamics and the gravitational radiation of coalescing black-hole (BH) binaries during the entire coalescence process, from early inspiral to ringdown, passing through late inspiral, plunge and merger (see [7] for a recent EOB review). The EOB method started its development in 2000 (before the availability of numerical relativity (NR) simulations of coalescing BH's), and made several quantitative and qualitative predictions concerning the coalescence dynamics. These predictions have been broadly confirmed by subsequent NR simulations of merging BH's that started yielding reliable results after the NR breakthroughs of 2005 [8] [9] [10] . [See [11, 12] for reviews of NR results, and [13] for a recent impressive example of NR achievements]. As soon as NR simulations became available, a fruitful synergy between EOB and NR developed [14] [15] [16] [17] [18] . This synergy allowed one to complete the EOB formalism by incorporating some crucial nonperturbative information contained in NR results. This led to the definition of improved, NR-informed versions of the EOB formalism, sometimes referred to as EOBNR or EOB [NR] (see [19] [20] [21] [22] [23] [24] ).
Besides providing accurate gravitational waveforms (of direct interest for current gravitational wave detectors), the EOB formalism also gives a description of the dynamics of coalescing binaries. Several aspects of the EOB dynamical description have been (successfully) compared to NR results, notably: (i) gravitational recoil during coalescence [25] , (ii) the spin parameter of the final BH [26] , (iii) periastron advance during inspiral [27] , and (iv) the functional relation between energy and angular momentum during inspiral [28] . The aims of the present work are, on the one hand, to update the early EOBbased study of the final spin of a (nonspinning) coalescing binary [26] , and, on the other hand, to complete it by considering the dynamical characteristics (energy and angular momentum) both of the merger state and of the final state of the BH system. [This aspect of our work is similar to the EOB/NR comparison done in [28] .] On the EOB side our work will use the latest version of the (nonspinning, NR-informed) EOB formalism [24, 29] , while, on the NR side, it will use the results of the most recent NR simulations of merging, unequal-mass BH binaries [30] [31] [32] [33] [34] [35] .
The paper is organized as follows: In Sec. II we compute from NR results the ringdown losses of energy and angular momentum. In Sec. III we compare the EOB prediction for the dynamical state of the BH system at merger to the corresponding state inferred from NR results, while Sec. IV performs such an EOB/NR comparison for the final dynamical state. Some conclusions are presented in Sec. V. We use geometric units G = c = 1. The letter q is used to denote the mass ratio q := m 2 /m 1 ≥ 1, while ν denotes the symmetric mass
II. NR-COMPUTED RINGDOWN LOSSES OF ENERGY AND ANGULAR MOMENTUM
Throughout this paper we shall (conventionally) call "merger" the moment t mrg when the modulus of the ℓm = 22 strain waveform h 22 (t) [or, equivalently, its Zerilli-normalized version Ψ 22 (t) = (R/M )h 22 / √ 24] reaches its maximum. We correspondingly refer to the phase following the merger, i.e. t > t mrg , as being the "ringdown". We shall apply these definitions both to the NR waveform, and to the EOB one. In other words, the NR merger moment t mrg NR is computed by considering the maximum of the modulus of the NR waveform as a function of the NR time scale, while the EOB merger moment t mrg EOB is computed from the maximum of the EOB waveform as a function of the EOB time scale. In the present Section we only consider the NR waveform, and shall estimate the (NR) losses (in the form of fluxes at infinity) of energy and angular momentum during the NR ringdown, t NR > t mrg NR . [For brevity, we suppress in the formulas of this Section the label NR on all the quantities.]
Using the Zerilli-normalization of the waveform Ψ ℓm (t) = (R/M )h ℓm / (ℓ + 2)(ℓ + 1)ℓ(ℓ − 1) the fluxes of energy and angular momentum at infinity are given byĖ
where the summation over ℓ extends only up to some maximum value ℓ max and Ψ * ℓm = (−1) m Ψ ℓ,−m . The corresponding (NR) ringdown losses are then obtained by integrating the fluxes (1), (2) over t > t mrg , namely
Here the last expressions on the right denote the decomposition of the integrated ringdown losses into individual multipolar contributions, obtained by fixing ℓ and summing over m in Eqs. (1), (2) . [Note the notational difference between, say, the individual contribution E rgd ℓ and the result of its summation up to ℓ max : E rgd (ℓmax) .] The NR waveform data available to us have been computed with the SpEC code by the Caltech-Cornell-CITA collaboration [30, 31] . For the mass ratio q = m 2 /m 1 = 1 [30] , all waveform multipoles up to ℓ max = 8 are present. When q ≥ 2 [31] , only the dominant ℓm multipoles up to ℓ max = 6 are available, namely ℓm = (22, 21, 33, 31, 44, 55, 66) . Starting from this information we tried to improve the determination of the ringdown losses E ℓm is a parity-dependent numerical factor, c ℓ+ǫ (ν) a mass-ratio dependent one, v ϕ = r ω Ω a suitably defined (and resummed) azimuthal velocity, and Φ the orbital phase; see [6] . Previous EOB studies have shown that such "Newtonian-order" expressions (after a suitable resummation of the PN corrections) stay numerically close to the full NR waveform essentially up to merger. As the value of v ϕ at merger is still smaller than one (and as the orbital motion stays quasi-circular till merger), we can indeed expect a simple parity-dependent ℓ-exponential decay of the multipolar contributions to the fluxesĖ ℓ ,J ℓ . [Actually, the ℓ behavior of the fluxes results from combining various ℓ-dependent factors; in addition, one must take into account the effect of time-integration. Anyway, our phenomenological findings are useful independently of any precise analytical justification.]
This leads us to introduce separate, even or odd, decay ratios, say (using the fact that, in the case at hand, ℓ max is even)
Here, we used as best estimates of the E and J decay ratios the largest-ℓ's we can consider. As we shall see later, the numerical values of the E and J decay ratios are found to be approximately equal: r In view of this simple geometric-series decay of the multipolar contributions to the ringdown losses, we can improve their ℓ max -truncated estimates (3), (4) by summing the two separate geometric series representing the higher-ℓ contributions. This leads to the following "corrected" estimate of the NR ringdown losses (still in the case q ≤ 2)
The values of the ratios r For larger values of q, namely q ≥ 3, we found a uniform ℓ-behavior in that the even and odd partial contributions arrange themselves (for large enough ℓ) along a common geometric-series. See, as an illustration, Fig. 2 for the q = 6 case. In other words, there is no need to introduce separate even and odd ratios, and one can simply introduce a common ratio between ℓ − 1 and ℓ, say estimated from the highest possible value of ℓ,
This common ratio would be related to the separate ones introduced above via r o = r e = r 2 . The corresponding improved estimate of the total ringdown losses is then obtained as
The values of the ratios r E,J (q) we obtained for q ≥ 3 are: (i) for q = 3; r E = 0.2918, r J = 0.2871, (ii) for q = 4; r E = 0.3339, r J = 0.3315, and (iii) for q = 6; r E = 0.3730, r J = 0.3795. The final results we obtained by this method are displayed in Table I . Let us recall that these results are based: for q = 1 on the results of [30] , and for q = 2, 3, 4, 6 on the results of [31] . For the case q = 1 we had data up to ℓ max = 8 while for the other NR data we had data only up to ℓ max = 6. In addition, we report in this Table the corresponding results for the test-mass case q = ∞ (actually q = 10
3 ), based on the results of [35] . For that case, we had data up to ℓ max = 8. In the table we indicate both the "uncorrected" values of the losses (up to ℓ max or ℓ max − 2), and the corrected ones.
The ringdown losses displayed in Table I have been scaled by a factor ν 2 because each multipolar waveform Ψ ℓm (t) = (R/M )h ℓm / (ℓ + 2)(ℓ + 1)ℓ(ℓ − 1) contains a factor ν which is conveniently factored out. In our previous work [26] , we had proposed to approximate the ν dependence of the ringdown losses by assuming that this [26] , which were based on summing only up to ℓ max = 4 multipoles.
Before discussing in more detail the relative importance of the various multipolar orders to the results in Table I , let us mention that the final, corrected values listed there (for a sample of q values) can be approximately represented by the following polynomials in ν:
These ν-dependent fits reproduce the values of the unscaled ringdown losses E (fit minus exact difference reached when q = 3). In the following, we shall use these fits only when we will need an estimate of the ringdown losses in the range 0 < ν < 0.1224 where we do not have sufficient NR data to estimate them by the method explained above.
As it can happen that one does not have at hand NR data covering higher multipolar contributions, it is useful to study which fraction of the total ringdown losses is due to the dominant ℓm = 22 (even) quadrupolar waveform, and which fraction is due to the subdominant contributions (i.e., in the present context, the subdominant quadrupolar waveforms ℓm = 21 and ℓm = 20, as well as the higher multipolar orders ℓ ≥ 3). Let us define the fractional contribution of subdominant multipoles to the ringdown losses as
so that, e.g., E rgd corr. = E rgd 22 /(1 − f E ), etc. We give in Table II the values of the fractions f E and f J for the q values we studied here. The ν dependence of f E and f J is illustrated in Fig. 3 . This figure plots both the points listed in Table II , and the following polynomial fits to f E and f J f E = −1.51473 ν 2 − 1.54739 ν + 0.502328 , Table II and Fig. 3 show that the fractions f E and f J strongly depend on ν. More precisely, while the ℓ = m = 2 waveform contributes alone most of the ringdown losses when one is close to the equal-mass case ν ≃ 0.25, it contributes only about half of the total losses when one (18) and (19) are plotted.
is close to the extreme-mass ratio case ν ≪ 1. However, we hope that our fits (18) , (19) can provide a useful alternative to using many NR multipoles, by simply dividing the ℓm = 22 NR ringdown contributions by the corresponding factors 1 − f E (ν) or 1 − f J (ν).
III. DYNAMICAL STATE AT MERGER: NR/EOB COMPARISON
In this Section we shall compare the analytical EOB prediction for the dynamical state of the system at merger to the corresponding result that can be inferred from NR data. Here, like in any EOB work, the word "analytical" is to be understood in the sense that the EOB formalism provides a set of analytical equations of motion for the dynamical state of the system. These equations are, however, too complex to be solved exactly, and one resorts to standard (Runge-Kutta-type) numerical tools to obtain their solutions. Due to the sensitivity to the EOB initial conditions, in most cases the EOB results given below with six significant digits are actually accurate within fractional errors of order 10 −5 . From the NR side, if we start from the final values of the energy and angular momentum of the system (i.e. the mass M f and angular momentum J f of the final BH resulting from the coalescence of the two BH's), we can estimate the energy and angular momentum of the system at the moment of merger, say E mrg NR , and J mrg NR , by adding to M f and J f the corresponding ringdown losses:
Here, for clarity, we added a subscript NR to the (corrected) NR ringdown losses estimated in the previous Section. We added also a superscript NR to M f and J f . Indeed, we took for them the values directly indicated in the original NR papers [30, 31] , without using the various approximate fitting formulas for them that have been proposed in the literature [22, 26, [36] [37] [38] [39] . From the EOB side, the EOB code computes at any moment (on the EOB time axis) the total energy E EOB (t) = H(t) and total angular momentum J EOB (t) = νp ϕ (t) of the binary system. To compute the values of E EOB (t) and J EOB (t) at (EOB) merger we just need to know (from the EOB code itself) what moment t mrg EOB on the EOB time axis corresponds to "merger". The (conventional) definition we gave above of "merger" is equally meaningful within the NR context and within the EOB one. In other words, the EOB merger moment is simply the (EOB) time t mrg EOB when the modulus of the ℓm = 22 EOB strain waveform h EOB 22 (t) reaches its maximum. The (EOB) merger energy and angular momentum are then:
Here, we have been using the fact that, within the EOB formalism, there is well-defined link between the dynamical time, and the (retarded) time used to express the waveform. The EOB waveform used here to find t mrg EOB is the inspiral-plus-plunge waveform defined in Eq. (16) of [24] , including the next-to-quasi-circular correction factorĥ NQC ℓm of Eq. (27) there. As the maximum of |h 22 | occurs before the (EOB) moment t EOB Ω peak where the orbital frequency Ω peaks (and where one attaches the sum of quasi-normal modes modelling the ringdown), the determination of EOB merger does not depend on this quasi-normal-mode attachment procedure. On the other hand, the determination of EOB merger is not a purely analytical procedure that directly follows from analytically known first principles. It is a procedure that depends both on the analytically known part of EOB, and on the NR-informed improvements leading to the current EOB[NR] formalism. Notably, the determination of the precise value of t mrg EOB involves the knowledge of the parameters a i entering the modulus of the next-to-quasicircular correction factorĥ NQC 22 to the ℓm = 22 waveform. These parameters have been determined in [24] (as functions of ν) by extracting some non-perturbative information from NR waveforms (namely the shape of the NR modulus |h Table III . The NR/EOB agreement is quite good, both for E mrg and for J mrg . It is essentially at the 10 −3 (fractional) level, which is remarkable when one thinks that the physically complicated merging two-black-hole system we are considering is represented (at the time t mrg EOB < t EOB Ω peak ), in the EOB formalism, by means of a rather simple analytic Hamiltonian (corresponding to a two point-mass system). To put this level and
. Let us also note that the EOB merger energies are systematically larger than the NR ones. This (small) systematic difference might simply be due to the fact (already emphasized in [28] ) that, in using the consequences of simple conservation laws for E and J, we have neglected the "Schott contributions" to E and J. This issue has been recently studied within the EOB formalism [41] . The latter reference showed that (with the choice of radiation reaction adopted in the present EOB formalism [24] ), only the energy had a Schott contribution E Schott EOB , and that this contribution was small during the inspiral and was negative (because proportional to the radial momentum). This result actually means that, when defining the NR merger energy as above, it should be compared to the sum E mrg EOB + E Schott EOB < E mrg EOB , rather than to E mrg EOB alone. This correction (if it remains small until merger) might therefore further improve the agreement between EOB and NR. However, the current analytical result derived in [41] for E Schott EOB is only given in a non-resummed PN form, which cannot be meaningfully applied to the moment of merger. Indeed, when trying to use it to determine its effect on the above NR/EOB comparison, we realized that the PN correction factor was, numerically, of the form 1 − a/c 2 + b/c 4 with both a/c 2 and b/c 4 positive and of order one at merger (and with a/c 2 ≈ 1 + b/c 4 , suggesting that the whole correction factor is significantly smaller than one). We leave to future work the study of possible resummations of the Schott-energy results of [41] . It is only when such (welltested) resummations are constructed that it will become meaningful to take into account deviations from the naive conservation-laws used above.
IV. FINAL BLACK HOLE STATE
Let us now compare the NR results for the final dynamical state of the system, M NR f , J NR f , to the results obtained by subtracting from the EOB predictions for the dynamical state of the system at merger the subsequent (NR-computed) ringdown losses. In other words, we define, on the EOB side
This comparison is essentially equivalent to the one done in the previous Section, being just the other side of the same coin. However, it is interesting in itself to formulate the NR/EOB comparison in terms of final state quantities (rather than merger ones) both because the finalstate parameters are of more physical interest than the merger ones, and because this comparison updates the one made in our previous work [26] . Table IV summarizes the NR/EOB comparison of final (mass-)energy M f and angular momentum J f , as well as the corresponding dimensionless Kerr parameter a f := J f /M 2 f . The fractional level of EOB/NR agreement is again (as a consequence of the merger agreement above) at the 10 −3 level, as shown in Table V . For instance, in the equal-mass case (where the larger number of available multipoles, ℓ max = 8, allowed a better determination of the ringdown losses) the absolute agreement betweenâ NR = 0.68646(4) (where the notation (4) indicates the NR probable error on the last digit) and a EOB[NR] = 0.68590 isâ EOB[NR] −â NR = −5.6 × 10 −4 . Up to here we have only considered the NR/EOB comparison for the mass ratios q = (1, 2, 3, 4, 6 ) simulated with the SpEC code [30, 31] . Such mass ratios are of prime importance for the upcoming ground-based gravitational-wave detectors. However, larger mass ratios can be relevant within more general contexts, such as astrophysical studies of merging BH's, or future spacebased gravitational-wave detectors. One of the advantages of having an accurate analytical understanding of the dynamics of coalescing BHs, such as the one provided by EOB theory, is that one can predict quantities of direct physical interest (such as M f andâ f ) for mass ratios that are difficult to simulate with good accuracy. In addition EOB theory provides predictions for the continuous range of ν values, thereby accomplishing both an interpolation and an extrapolation of the information gathered by NR simulations of a discrete sample of q values. Indeed, by inserting now in Eqs. (24), (25) Table VI . There is a good agreement between the two sets of results. For instance, the absolute (rather than fractional) differences between the values ofâ f are all of the order of 10 −4 . It is difficult to put these differences in perspective because Refs. [32] [33] [34] do not provide estimates of the probable uncertainty on their (numerically very challenging) results.
In Table VII we give more results of the EOB [NR] predictions for the final masses and spin-parameters of coalescing BH's, as a function of the symmetric mass ratio ν. Though, by downloading the freely available EOBIHES code [29] [and using Eqs. (15), (24), (25) ] any reader can compute such values, it might be useful to encapsulate our results by means of some fitting formulas. Let us first give accurate "local fits" for the ν dependence of M f andâ f interpolating between the Caltech-Cornell-CITA NR results [30, 31] . We found that the following 
reproduce , within their quoted probable errors, the NR results, for the sample of ν values corresponding to the NR q sample q = (1, 2, 3, 4, 6). More precisely, the differences |â
−6 and 6.9 × 10 −6 respectively. These fits are more accurate than the ones given in [22, 26, 36, 37] , and can therefore be advantageously used in the EOB code to estimate the characteristics of the final BH, when one is interested in q values within the range 1 ≤ q 6. [Let us correct in passing a small misprint in Eq. (32) of [24] : its left-hand-side should read a f /M f .]
On the other hand, if one is interested in having simple analytical representations of the variation of M f and a f over the full range 0 < ν ≤ 0.25, it might be useful to have fits that approximately encapsulate our new EOB[NR] results (a sample of which is displayed in Tables IV, VI, VII, as well as VIII below). For this case, we found that the following "global fits" for the ν depen- [26] .
V. CONCLUSIONS
The main results of the present investigation are:
(i) We presented a new quantitative test of the ability of EOB theory to accurately describe the dynamics of coalescing binary BH's. This test goes beyond recent such tests [27, 28] in that it deeply probes the strong-gravitational-field regime. We found that EOB theory predicts values for the energy and angular momentum of the binary system at the moment of merger which agree, to the per mil level, with corresponding values that were inferred from recent accurate NR computations [30, 31] . In a sense, this aspect of our work is an extension of the recent study of the gauge-invariant energy-angular-momentum relation [28] from the inspiral regime down to the fully relativistic regime of merger.
(ii) Our work is also an update of a previous EOB study of the final mass and spin of a coalescing binary BH [26] . While the latter study used a purely analytical (3PN-accurate) EOB formalism, completed by ν 2 -scaled test-mass estimates of the ringdown losses, we have used here a recently developed (analytically more complete, NR-informed) EOB formalism [24, 29] , together with refined, NR-based estimates of the ringdown losses (based on Refs. [30, 31] ). We then find that this leads to a much increased agreement between NR and EOB (e.g. by a factor ≃ 30 for the final spin parameter). This confirms the trend found in [26] : the addition of more accurate physics in the EOB formalism leads, at the end, to a better agreement with NR results. In our opinion, this shows that EOB theory, beyond giving a phenomenologically useful description of the gravitational-wave emission of coalescing binaries, does also provide a simple, but physically correct description of the dynamical state of a binary BH system, down to the moment of merger.
(iii) Another potentially useful outcome of our study concerns the exponential decay with multipolar order ℓ of the integrated losses of energy and angular momentum during ringdown. We showed how this decay can be used to improve the sum over ℓ. Essentially, we proposed a Richardson extrapolation of the sum to infinite ℓ max . We also gave explicit ν-dependent fits of the ratio between the dominant ℓm = 22 contribution and the sum of all the subdominant ones. Such fits might be useful for estimating the total losses in cases where NR simulations recorded only the dominant ℓm = 22 multipole.
(iv) From the practical point of view, our work also provides several simple fitting formulas that might be useful in various contexts. For instance, we provide both global and local fits for the mass-ratio dependence of the final mass and spin parameters of (non spinning) coalescing binaries, which incorporate the most recent, accurate NR results (together, in the case of the global fit, with the results of our present EOB[NR] study).
